ABSTRACT. Stability of the linear semi-implicit discrete duality finite volume (DDFV) numerical scheme for the solution of the regularized curvature driven level set equation is proved. Our scheme is linear, it is efficient regarding computational times. Numerical experiments confirm accuracy of the proposed scheme.
Introduction
The curvature driven level set equation [18] u t − |∇u|∇ · ∇u |∇u| = 0 ,
as well as its nontrivial generalizations is used in the applications as the motion of interfaces (free boundaries), in thermomechanics (solidification, crystal growth) and computational fluid dynamics (free surface flows, multi-phase flows of immiscible fluids, thin films), the smoothing and segmentation of images and the surface reconstructions in the image processing, computer vision and computer graphics (see, e.g., [2] - [4] , [10] - [12] , [16] - [18] ), and in many further situations related to the motion of implicit curves or surfaces. The derivation of our numerical method for solving equation (1) is based on the finite volume methodology (see, e.g., [8] , [14] ). We construct the so-called discrete duality finite volume scheme based on idea [1] as was presented in [13] . Integrating equation (1) in the volume gives the weak (integral) formulation of the problem from which the computational scheme naturally follows.
In the next section we present in detail our numerical scheme and in Section 3 we prove its stability. Finally Section 4 is devoted to the numerical experiments using the proposed scheme.
Semi-implicit DDFV scheme
The unknown function u(t, x) in (1) is defined in Q T = I × Ω, Ω ⊂ IR 2 is a bounded Lipschitz domain, I = [0, T ] is a time interval, and we will consider the equation accompanied with zero Neumann boundary conditions and by the initial conditions:
To construct the numerical scheme we choose a uniform discrete time step τ = T N and replace the time derivative in (1) by the backward difference. The nonlinear terms of the equation are taken from the previous time step while the linear ones are considered in the current time level, this means semi-implicitness of the time discretization.
Semi-implicit time discretization
Let τ be a given time step, and u 0 be a given initial level set function. Then, for n = 1, . . . , N, we look for a function u n , solution of the equation
Let us introduce now the fully discrete semi-implicit scheme. In the image processing applications, a digital image is given on a structure of pixels with rectangular shape in general (dashed lines rectangles in Figure 1 ). This set of pixels can represent the original rectangular finite volume mesh. We denote it by T h . Since in every discrete time step of the scheme (4) we have to evaluate the gradient of the level set function at the previous step |∇u n−1 |, we put a diamond shaped regions to the edge, as can be seen in Figure 2 , onto the computational domain and then take an approximation by finite differences on this regions. Such approach allows simple, fast and clear construction of fully-discrete system of equations. Let a function u be given by discrete values in the centers of the original volumes. Then in the centers of the dual volume mesh we denote the unknowns by v.
Our volume mesh will consist of cells V ij ∈ T h , associated with DF (degree of freedom) nodes x ij , say i = 1, . . . , N 1 , j = 1, . . . , N 2 . Duality mesh, shifted to the north-east direction, consist of cells V ij ∈ T h associated only with DF nodes x ij , say i = 1, . . . , N 1 , j = 1, . . . , N 2 , in such a way that x ij is the right top corner for the volume V ij of original mesh.
Since there will be a one-to-one correspondence between volumes and DF nodes, without any confusion, we use the same notation for them. Next we pose some notations. We describe all for the original volume mesh. For the dual mesh the notation will be the same, but barred and the unknown function we denote by v. For each V ij ∈ T h let N ij denote the set of all neighbouring (west, east, south, north) nodes 
is a piecewise constant function in space and time.
As it is usual in finite volume methods [8] , we integrate (4) over every volume
. . , N 2 , and then using the divergence theorem we get an integral formulation of (4)
where ν is a unit outer normal to the boundary of V ij . Now the exact "fluxes" on the right hand side and the "capacity function"
1 |∇u n−1 | on the left-hand side will be approximated numerically. For the approximation of the left-hand side of (5) we get
where
is an average modulus of the gradient in V ij . This average will be computed using the values of the gradients on the sides e pq ij of the finite volume, which we have to approximate on the right hand side of (5) as well. On the right hand side of (5), the normal derivative is naturally expressed by the finite difference of neighbouring pixel values divided by the distance between pixel centers and to approximate the modulus of gradients on pixel sides. We use the following definitions for p, q ∈ {−1, 0, 1}, |p| + |q| = 1 and α(p) = 0, if p ≥ 0, and
Specially we have:
(p, q) = (0, 1) :
The formulas (7)- (8) can be understood as an approximation of the gradient in the point x pq ij which is a barycenter of e pq ij . Note that this is also an approximation of the gradient at the center of edge for the dual mesh. Now we define in accordance with a well known Evans-Spruck regularization [7] Q pq;n−1 ij
as a regularized norm of the gradient on the pixel sides (Q), and, the regularized averaged gradient inside the finite volume (AQ), respectively, computed by the solution known from the previous time step n − 1. Note that for the dual mesh we have:
Combining all the above considerations we end up with the following approximation (the same for the dual mesh) 
If we put together the right hand sides of (6) and (12) and consider zero Neumann boundary conditions, we can write the following linear system of equations which has to be solved at every discrete time step n, n = 1, . . . , N, where N is a total number of filtering steps.
Fully-discrete semi-implicit discrete duality finite volume scheme 
However, we restrict our considerations to uniform rectangular co-volumes with the size length h, as plotted in Figure 1 . Then, e.g.,
Stability
In this section we prove the theorems with some stability properties for the numerical solution of the proposed scheme for uniform rectangular co-volumes with the size length h.
Ì ÓÖ Ñ 3.1º There exist unique solutions
of the schemes (13), (14) for any value of the regularization parameter ε > 0 and for any time step n = 1, . . . , N. Moreover, for the fully discrete numerical solutions u h,τ , v h,τ the following estimates hold:
P r o o f. The proof is the same as that in [9] .
Then for the fully discrete scheme (13) and (14) the following stability result holds:
where C is a generic constant and depends only on the parameters of the problem, not on h or τ .
P r o o f. We describe in detail the discrete scheme (13), for the scheme (14) we do it analogously. We multiply the fully discrete scheme (13) with the term u
and sum over all volumes V ij . We immediately have
The first term of the equation is nonnegative, so we must estimate only the second term. We use the well known (in the finite volume theory) rearrangement for the scheme (13) and we sum up the right and top edges of the volumes.
STABILITY OF THE SEMI-IMPLICIT DISCRETE DUALITY FINITE VOLUME SCHEME...
We obtain
Similar rearrangement can be used for the scheme (14) but in this case we sum up the left and bottom edges of the volumes
. Now we add both rearranged second terms together using the relations (11) and (9), (10) . We immediately obtain
. Now adding to the numerator of the first term ε 2 and subtracting this term from the numerator of the second term for uniform square mesh we have 
We obtain
Including these results to the equation at the beginning of the proof (omitting second nonnegative term) we derive
Now if we realize that
we conclude the proof.
Numerical experiments
Example 1. In this example, the exact solution of an equation
is a paraboloid moving up in time, given by
The initial condition is given as
the boundary conditions are given as non-homogeneous Dirichlet boundary conditions provided by the exact solution. Numerical results are plotted in Figure 3 , we set τ = h
2
. In Table 1 we present the results obtained by the duality scheme (DDS) including the experimental order of convergence (EOC) in the solution error. The L 2 error is measured by
, where u h,τ , our numerical solution, is defined as before, and u = u(x p , t n ), N is the number of discrete points on the side of the square. The L 2 gradient error is measured by
EOC of the L 2 error tends to be 2. ANGELA HANDLOVIČOVÁ -DANA KOTOROVÁ 
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Example 2. In this example the exact solution of (1) is given by u(x, y, t) = min 1 2 (x 2 + y 2 − 1) + t, 0 as in [15] . The initial condition is given as u 0 (x, y) = min Figure 4 , we set τ = h 2 . In Table 2 we present the results obtained by the DDFV scheme. The EOC of the L 2 error tends to 1. No better result could be expected because of the non-smooth function of the exact solution. STABILITY OF THE SEMI-IMPLICIT DISCRETE DUALITY FINITE VOLUME SCHEME... Example 3. In this example, we will use the scheme for the filtering of 20 percent salt and pepper noise added to the characteristic function of the cinquefoil, we set N = 200 and τ = h 2 . In Figure 5 are shown the results of filtering after 1 and 8 time steps. The initial value for v was set as the median of the four neighbouring values of u.
Example 4. In this example, we will use the scheme for the filtering of 50 percent salt and pepper noise added to the characteristic function of the cinquefoil, we set N = 200 and τ = h. In Figure 6 are shown the results of filtering after 1 and 8 time steps. The initial value for v was set as the median of the four neighboring values of u.
